In this paper, the question of which compact metric spaces can be attractors of hyperbolic iterated function systems on Euclidean space is studied. It is shown that given any finite-dimensional compact metric X , there is a Cantor set C such that the disjoint union of C and X is an attractor. In the process, it is proved that every such X is the Lipschitz image of a Cantor set.
Introduction
If X is a complete metric space and F -{f , f2, ... , fk} is a collection of contraction mappings of X to itself, then F is said to be a (hyperbolic) Iterated Function System. It is well known [4] that for such an F there is a unique compact set A such that A = |J,=1 f(A). A is called the attractor for F. In this paper, we are concerned with the question of which compact sets in Euclidean space can be realized as the attractors of some IFS. Williams [6] initially investigated the topological structure of attractors of IFS's. Hata [3] generalized Williams' work and showed that not every compactum can be realized as the attractor of an IFS, since, for example, a connected attractor must be locally connected. Hata posed the question whether every finite-dimensional locally connected continuum is the attractor of some IFS. Barnsley [ 1 ] showed to what extent every compactum can be approximated by an attractor of an IFS. As a special case, we note that it is not difficult to show that every compact subpolyhedron in R" is an attractor.
We show (Theorem 4.1 ) that for each zz > 0 there is a Cantor set C" c R " with the property that if X is any compact set in R" , the set C" x {0} U {0} x X c R3" is the attractor of an IFS. It follows that every compact, finite dimensional metric space that contains a closed and open Cantor subset can be embedded in some Euclidean space as an attractor.
Most of our notation is standard, although we shall use || • || to denote the sum norm on R" . That is, if x = (x, , x2, ... , xn) then ||x|| = |x, | + |x2| + ■■• + 1*." n i 2. Lipschitz mappings of Cantor sets onto compacta A classical theorem of topology states that every compact metric space is the continuous image of the Cantor set. In this section, we construct, for each zz > 0, a Cantor set V" with the property that for every compactum IcR" there is a Lipschitz mapping of V" onto X .
To begin, fix an zz > 1 and let B be the unit cube in R" spanned by the standard basis vectors. Let V" be the inverse limit of the sequence 1 2 Note that we may view a point in V" as a pair (x, z), where i is a sequence of integers from Y and x = x(z'). Define a metric p on V" by p((x, Î), {y, /)) = || x -y || + 1/2 , where || • || is the sum norm described in the introduction and zc + 1 is the first index in which i and j disagree (note that if z = j then x = y). Thus tp is a Lipschitz map with Lipschitz constant at most 2zz. g
Since every compact set in R" can be moved into B by similarity transformations, we have Corollary 2.1. If X is any compact set in R", there is a Lipschitz map of V" onto X. and h,ix,y)= (f + ^f). It follows that for each zz > 1 the zz-fold product C" = C x C x ■ ■ ■ x C is a Cantor set in R " that is the attractor of the IFS F" = F xF x ■ ■ ■ x F .
We note in passing that since F" consists of 2" similitudes with similarity constant \ , the Hausdorff dimension of C" is zz [2] .
In the previous section, we showed that each compactum in a finite-dimensional Euclidean space is the Lipschitz image of an abstractly defined Cantor set. The purpose of the present construction is to be able to replace V" by the more geometrically appealing C" . Again, we need some preliminary notation. is an IFS whose attractor is C + X. a
